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From measurement of the pH, it is possible to calculate the free-ligand concentration in the study of metal ion complexes,
without any assumption about the model, by using an extension of the Hedstrom-McKay relation as has been presented
by Osterberg and others. In this study a similar technique is described, which allows the calculation of the complexity
sum, i.e., the total concentration of the metal ion complexes, and the free-ligand concentration from experimental pH and

pM values.

Introduction

~ The complexity sum S, introduced by Sillén, can in its most
general form be represented by eq 1. M, L, and H denote

§= Z[MP:LKI;'H’,'] (1)

the metal ion, the ligand, and the hydrogen ion, respectively.
The summation in eq 1 is over all complexes which are present
in the solution. p; and g; can be any positive integer different
from zero, and r; can be any integer, including zero (a negative
value of r, means a hydroxide). S can be useful in the analysis
of experimental data, describing metal ion complex equilibria,
especially in determining the composition of the formed com-
plexes, a main problem when polymeric, protonated, or hy-
droxo complexes are present. j, the mean amount of com-
plexed metal ion, g, the mean amount of complexed ligand,
and 7, the mean amount of complexed hydrogen ion, can be
calculated from S, when the values of [M], [L], and [H] are
known, by using the eq 2-4. Charges are omitted for the sake

7= (G~ M- T [MPIHIT/S ()
7=[CL~ (L]~ Zabogn[LI*HIM/S  (3)
F =[G~ [H] + [OH] - Zrf IMPIH]" -

Zk:erqurk[L]qk[H]rk] /S (4)

of simplicity. p, g, and 7 have also been introduced by Sillén.!
Cwu, Ci, and Gy are the total concentration of metal ion, ligand,
and titrable hydrogen ion, respectively. 8,,, is defined by eq
S. The B,y,’s are the stability constants which describe the

Bpgr = ML H,1/[M]P[LJ9[H]" (5

hydrolysis of the metal ion, and the 8q,,,,’s are those stability
constants which describe the acid—base equilibria of the ligand.

In this paper it will be shown that S can be calculated from
pH measurements in a way analogous to the methods pub-
lished by Osterberg,? Sarkar and Kruck,? and Avdeef and
Raymond* for the calculation of the concentration of free
ligand and free metal ion by the use of pH measurements
alone, no assumptions being needed about the type of the
complexes. Furthermore it will be shown that, when the values
for pH and pM are known, the free-ligand concentration can
also be calculated without any assumption about the formed
complexes.

(1) Sillén, L. G. Acta Chem. Scand. 1961, 15, 1981.
(2) Osterberg, R. Acta Chem. Scand. 1960, 14, 471.
(3) Sarkar, B.; Kruck, T. P. A. Can. J. Chem. 1973, 51, 3547.
(4) Avdeef, A.; Raymond, K. N. Inorg. Chem. 1979, 18, 1605.
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Gibbs and Gibbs-Duhem-Margules Equatlons and Metal
Ion Complex Equilibria

As discussed by Gokcen® either the equation for the change
of the Gibbs free energy or the Gibbs—Duhem-Margules
equation can be used to calculate the partial molar properties
of a multicomponent system provided that experimental data
on the partial molar properties of one component is available.
For this purpose two methods can be used. Darken® obtained
the desired property by an integration of the Gibbs—Duhem-—
Margules equation followed by differentiation. Wagner,’
McKay,? and Schumann’ reversed the operations and obtained
the desired molar property by integrating a cross-differentiation
relation. Using this principle, McKay!? reported a method
for calculating [M] from measurements of [L] for a mono-
nuclear system. It was the first time that a relation of that
kind was published. A similar equation was found by
Hedstrom!! in a completely different way. Lefebvre!'? gave
for the first time a series of relationships applicable to general
systems, including a clear statement of the integration and
differentiation conditions, but with unusual symbols, as has
been remarked by Sillén,! and a rather unconvincing deriva-
tion. He followed the method proposed by Darken.® A method
for determining the number of solute particles was given earlier
by Byé.!> One of the present authors has also given some
relations.!*16

Most of the systems containing metal ion complexes can be
considered as quaternary systems, composed of 7 mol of metal
ion, / mol of ligand, # mol of hydrogen ion, and w mol of water.
The change of the Gibbs free energy at constant temperature
and pressure is given by eq 6, and the Gibbs—Duhem-Margules

dG = uydm + pydl + pypdh + u,dw (6)
relation can be expressed as eq 7. Ineq 6 and 7 uy denotes
mduy + Idyp + Aduy + wdu, =0 N

the chemical potential of the component X. The derivation
of eq 6 and 7 is described in a condensed form in the Appendix.

Metal ion complexes in aqueous solution are usually studied
under such conditions that the activity coefficients are ap-
proximately constant; therefore, eq 8 can be written for each

dux = 2.303RT d log [X] (8)

(5) Gokeen, N. A. J. Phys. Chem. 1960, 64, 401,
(6) Darken, L. S. J. Am. Chem. Soc. 1950, 72, 2909.
(7) Wagner, C. “Thermodynamics of Alloys” Addlson Wesley Press:
Reading, Mass., 1952; p 19.
(8) McKay, H. A. C. Nature (London) 19582, 169, 464,
%) Schumann, R., Jr. Acta Metall. 1958, 3, 219.
(10) McKay, H. A. C. Trans. Faraday Soc. 1953, 49, 237.
(11) Hedstrdm, B. Acta Chem. Scand. 1955, 9, 613.
(12) Lefebvre, J. J. Chim. Phys. 1957, 57, 553.
(13) Byé, J. C. R. Hebd. Seances Acad. Sci. 1945, 221, 99.
(14) Van Poucke, L. C; Herman, M. A. Anal. Chim. Acta 1968, 41, 1.
(15) Van Poucke, L. C.; Herman, M. A. Anal. Chim. Acta 1968, 42, 467.
(16) Van Poucke, L, C. Inorg. Nucl. Chem. Lett. 1972, 8, 801.
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Determination of the Complexity Sum

solute. For the solvent, eq 9 holds at a constant value for the
du, = RTdIn x, %

activity coefficient. The mole fraction of water, x,, can be
expressed as eq 10, where n,, is the actual number of moles

n 1 ,
ny +2Xn, 1+ Xn/n,
il 1

Xy = (10)

of water and 3", is the total number of moles of solutes. Since
for a dilute solution Y_n;/n, << 1, eq 10 can be written as eq
11. The volume of a dilute solution is directly proportional

du, = RTA(Zn,/n,) (1

to the amount of solvent, and, if the difference between n,, and
w is negligibly small, then

n, =w=kV 12)
where k is a proportionality factor. With eq 6-12 a number

of equations can be derived. For example, cross-differentiation
of (6) ylelds (8 log [L]/8k],,,, = [0 log [H]/al]mhw Holdmg

w constant is keeping V constant, and by putting V' = 1 dm?, .

As has been

3 log [L] N e
[ 0Cx ]CMvCL B [ ) aCy ]CMvCH 9

demonstrated by Avdeef and Raymond,* the Osterberg
equation can be derived from (13) by using a Jacobian
transformation.

The analogous equation to the Osterberg equation can be
obtained by using the method of Darken.® For this purpose
eq 7 is, after some transformations, integrated from py’ to uy
at constant values of m, [, and w (eq 14). Equation 14 is then

wlpy — i) (14)

differentiated for / at constant values of ms, [H], and w. This
gives, taking into account the Gibbs—Duhem-Margules
equation at constant [H], eq 15. With the use of preceding

- (a,[fu hd uH]m,w) T

remarks, eq 15 may be written as eq 16. This equation differs
[L] log [H
08 117 = | 5EcL Sy G 4108 gy, o
(16)

from the Osterberg equation in the reversion of the operations.
Sarkar and Kruck? have given a somewhat similar treatment,
but the integration and differentiation conditions are not clearly
specified.

this equation can be transformed into eq 13.

Determination of the Complexity Sum

When metal ion complex equilibria are described, mostly
three independent variables are used: Cy, Cy, and Cyu.
However from eq 6, 7, and 12 it follows that four independent
variables can be considered: n1, [, h, and V. Up to now ¥ was
held constant. It will be shown that, by varying ¥ in a con-
ditional ways, it is possible to determine C, the total concen-
tration of the solutes. From eq 11 and 12 it follows that

C

du, = RT 45 an

Since dG is a total differential, eq 18 can be obtained from
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A oy dun) '
( oh )m,l ( dw )m,l,h (18)

eq 6. Witheq 9, 11, and 12, eq 18 can also be written as eq
19. Integration of eq 19 gives eq 20. Equation 20 can be

aC 9 log [H]
( 7 )W = —2.303( 7 » (19)
d log {H]
- C, = -2.303 dh (20)
ho m,Lh mLV

considered as an extension of the equation given by Byé!? for
a binary system. This equation is in fact equivalent with the
method of Lefebvre!? as will be shown later.

From C - C, the value for S, the complexity sum, can be
calculated on the condition that [M], [L], [H], and C, are
known. [H] is determined experimentally. [M] and [L] can
be derived from experimental data by using, for example, the
Osterberg equation. In most cases [M] can also be determined
experimentally, and C, can be calculated from mass-balance
equations provided that the value of [H] is sufficiently high
to prevent complex formation. [L] can also be obtained from

. the experimental data, used for the calculation of C ~ Cy by

means of eq 20, on the condition that [M] can be determined
experimentally. Consider therefore the Gibbs—Duhem~—
Margules equation (7) transformed by eq 8, 11, and 12:

CydIn[M]+ C dIn[L] + CydIn[H] -dC =0 (21)

Note that eq 21 is equivalent with Sillén’s! equation (17).
Integration of eq 21 at constant values for C; and Cy yields
eq 22. The third term, the integral, can be evaluated by using

[M] [L]
. T O ot f Cy dIn [H] -

(C-Cp) =0 (22)

the same experimental data as used for the calculation of C
- C, from eq 20. The possibility of the determination of C
- C,, provided [L] is known, as an alternative for the proposed
method will be discussed later in this paper. Lefebvre!? found
eq 23 which is analogous to eq 20 and which can be considered
as an extension of By&’s!? formula.

C-C= (%/[ I h Jog [H] dh]m’l’V)mM (23)

Equations 4 and 7 of Levebvre!'? have been transformed in
our notations; furthermore, h, can take on any value, in con-
trast with the original formulations. Equations 20 and 23 are
theoretically equivalent.

Since in many cases [M] can also be determined experi-
mentally, it can be useful to derive equations analogous to those
given before, by starting from log [M] instead of log [H].

Validity of the Method

For evaluation of eq 20 the following procedure is proposed.
A solution containing m mol of metal ion, / mol of ligand, 4
mol of titrable protons, and w mol of solvent is diluted with
pure solvent. After addition of each portion of the solvent,
the pH is measured. In reality the solvent will not be pure
water, but it will be an aqueous solution of an indifferent
electrolyte. This dilution process is repeated a number of times
in such a way that each starting solution contains the same
amount of metal ions and ligand, but the amount of hydrogen
ions is varied from one dilution process to another.

In this way several pH vs. V curves are obtained. The
derivative (8 log [H]/8V),,, can now be evaluated at each
point of each curve. A series of integrations is then performed.
In each integration series the values for the derivative are used

CM ln
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at the same V value, as is imposed by eq 20.

The validity of eq 20 was tested, by using computer-gen-
erated data for five different metal ion complex systems. For
this purpose a computer program EQUIL, designed by Ting-Po
and Nancollas,!” was used. The five systems can be described
as follows.

System 1. The ligand is a dibasic acid with acidity constants
log Bo1; = 14.00 and log 8y;; = 11.00. Two complexes are
formed: ML (log 8,50 = 4.00) and MLOH (log 8;;1 = 6.00).
Each solution contains m = 0.0005 mol and / = 0.001 mol;
h is varied from 0.000 105 to 0.0021 mol in 20 equal steps,
and V is varied from 0.1 to 0.5 dm? in 20 equal steps as well.
In the other systems V and k are varied in the same way as
in system 1. In each series log K, = —14.00.

System 2. The ligand is a dibasic acid (log 8o;, = 12.00,
log 8911 = 8.00) and forms the complexes ML (log 8,9 =
4.50), M2L2 (log 6220 = 12.00), and ML2 (log 6120 = 700)
Each solution contains 0,005 mol of M and 0.0015 mol of L,
and h is varied from 0.000 155 to 0.0031 mol.

System 3. The ligand is a dibasic acid (log 8412 = 12.00,
log Bg;; = 8.00) and forms the complexes M,L, (log B0 =
12.00) and ML, (log B2 = 7.00); m = 0.0005 mol, / = 0.0015
mol, and 4 is varied from 0.000155 to 0.0031 mol.

System 4. The ligand is a tribasic acid (log 8y;; = 18.00,
log Bg;; = 12.00) and forms ML (log 8,,, = 4.00) and ML,
(log 8130 = 7.00); m = 0.0003 mol, / = 0.001 mol, and 4 is
varied from 0.000 155 to 0.0031 mol.

System 5. The ligand is a tribasic acid (log 8y;; = 18.00,
log 6012 = 1500, lOg 601] = 1000) and forms MHL (log 61“
= 12.00), ML (log 6110 = 4.00), ML2 (log 6120 = 700), and
MLOH (log 8,1 = —6.00); m = 0.0003 mol, / = 0.001 mol,
and A is varied from 0.000 155 to 0.0031 mol.

In total, the five systems represent 1700 experimental points.
For each point Cis calculated in two different ways; the results
are called C; and C,.

C, is calculated from eq 24,

C=[M] + [L] + [H] + [OH] + X0, [L][H] +

;Bp,qiri[M]”’[L]"f[H]” (24)

C, is obtained from the generated pH values and eq 20. Two
standard IBM subroutines'® were hereby used: DDTG2—the
differentiation of a tabulated function using second-degree
polynomial interpolation—and DQTG—a quadrature of a
tabulated function by trapezoidal rule. For each integration
series C is calculated from the most acidic solution of the
series by using eq 25.

Co = [M] + [L] + [H] + [OH] + iﬁou[L] (HI"  (25)

For each point the percentage in which C, differed from C,
is calculated. For 86% of the points this difference is less than
1%, and for 17% of the points it is less then 0.1%. Most of
the deviations higher then 1% are observed when data are used
for the first point of each dilution process (highest concen-
tration). The highest difference stated between C; and C, was
about 4%. The highest values for the differences between
calculated and theoretical values for C coincide in each inte-
gration series with the highest values for (82 log [H]/dV2),15
For reduction of these differences the number of dilution curves
is increased in that concentration range. Thereby it is found
that, when A#, the difference in # values between two suc-
cessive dilution curves, is halved, the 4% differences are re-
duced below 1%. On the other hand no substantial im-

(17) Ting-Po, 1.; Nancollas, G. H. Anal. Chem. 1972, 44, 1940.
(18) IBM System/360 and System/370, IBM 1130, and IBM 1800 Sub-
routine Library-Mathematics SH12-5300-1.

Van Poucke, Yperman, and Frangois

Table I. Differences between Calculated and
Theoretical Vatues for C

no. of points

Cyvy M >10% >5% >2% >1% <0.1%
2.5-0.6 25 93 290 374 0
0.25-0.06 1 7 67 207 0
0.025-0.006 0 0 17 137 3
0.0025~0.0006 0 0 0 16 95
0.000 25-0.000 06 0 0 0 11 180

provement is obtained by applying this procedure in the con-
centration range where the results are already acceptable.

The same generated data are also treated according to eq
23, the method of Lefebvre.!? No differences could be ob-
served between the results of eq 20 and 23, indicating that the
two equations are not only theoretically but also practically
equivalent at least when the above cited subroutines are used.

With use of generated data, the validity of the method is
tested as a function of the concentration, Therefore generated
data are obtained by using the initial data of system 4 but with
concentrations for Cy, Cy;, and Cy differing by a constant
factor. The results of this test are summarized in Table I.
Each test contains 380 points. It must be remembered here
that increasing the number of dilution curves by decreasing
Ah, as explained before, will reduce considerably the number
of points with a great difference between the theoretical and
calculated values for C.

The validity of eq 22, used for the calculation of [L], has
been tested in a number of cases. Both good and bad results
are obtained. An analysis of the calculation reveals that for
most points the third term of eq 22 is the dominating one. This
term becomes in the integration process extremely inaccurate
when ApH, the difference in pH between two successive points,
is too high. For ApH values of 0.2-0.3, pL deviations of 0.001
are found; on the contrary, for ApH >0.5 deviations higher
than 1 pL unit are observed.

An alternative to the proposed method, as it has already
been mentioned, is the calculation of [L] from an equation
such as the Osterberg equation, followed by the calculation
of C - C, from eq 23 on the condition that [M] is known. E.g.,
the use of the Osterberg equation imposes the constancy of
Cw, whereas in this method the ratio Cy/Cp must be a con-
stant. That means that with a comparable number of ex-
perimental data a greater concentration range of Cy is covered
by our method, a feature which is not unimportant in the study
of polynuclear complexes.

Appendix

.Consider a solution composed of m mol of metal ion M, /
mol of ligand L, & mol of hydrogen ion H, and w mol of water.
In this solution a number of reactions take place, and hereby
the following substances are formed: a series of metal ion
complexes M, L, H,(OH),, represented by c;, metal ion hy-
droxides M, (OH),,, represented by b, and protonated
products of the ligand H, L, represented by a;. The change
in the stoichiometric coefficients (s = number of OH’s and
r = number of H’s) is required because in this derivation a
clear distinction must be made between H* and OH™ due to
differences in their chemical potential (see, e.g., eq A10). The
differential of the Gibbs function of such a solution at constant
temperature and pressure is given by eq Al. The Gibbs-

dG = pupdny + ppdng + prdng + pondnoy + widn, +
Zudn, + Zk:.ub,,dnb,, + ‘?Majdnaj (A1)
1

Duhem-Margules relation is given by eq A2. Here nyx and

nydun + nudug + nedug + nouduon + nuduy +
;nc,d”c, + %nbkd”’bk + yj‘—/najd”'a, =0 (A2)
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ux are respectively the number of moles and the chemical
potential of the component X. In this solution the mass-
balance equations (A3)—(A6) hold. Equation A6 demonstrates

m = Ny + %pk'nbk + Zpincl (A3)
1

I=n + ;qj’n,,j + ;qinq (A4)
h= Ry — HoH - Zsk’nbk - ZS,-HC’_ + er’naj + Zr,'n,:i (AS)
k i j i
w = n, + noy + sy 'ny, + Lsin,, (A6)
3 i

the difference between w, the amount of water used by the
preparation of the solution, and 7, the actual amount of water.
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The equilibrium condition (A7) and the series of equilibrium
pH t MoH = My (A7)
conditions (A8)—(A10) can be considered. Substitution of eq

P + Siluon = up, (AB)
gi'mL + rlun = g, (A9)
D + qur + rpg + sipon = K, (A10)

A7-A10 into eq Al and A2 gives eq All and A12 because
of eq A3-A6.

dG = uydm + pydh + pd! + pdw
mduy + hduy + ldup + n,duy, =0

(All)
(A12)
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Composition of Ternary (Metal-Ligand-Hydrogen) Complexes Experimentally
Determined from Titrations Using Only a pH Electrode
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In the studies of ternary metal-ligand—hydrogen complex equilibria in aqueous solutions the variation techniques presented
by Osterberg, Sarkar, Kruck, and McBryde allow one to calculate free metal and free (unassociated) ligand concentrations
from titration experiments using only a pH ¢lectrode. The method, which is completely model independent, is extended
in the present study to the determination of the average stoichiometric coefficients of the species present in solution. The
approach is valid in the cases of mononuclear as well as polynuclear metal-containing species.” The method was successfully
applied to the evaluation of potentiometric data of a series of copper(Il) ethylenediamine titrations.

Introduction

Osterberg' introduced an extremely valuable technique for
evaluating free (unassociated) ligand concentrations in complex
metal-ligand equilibria. The method was subsequently ex-
tended to the determination of free metal concentrations by
Sarkar and Kruck? and McBryde.> Later elaborations of the
approach were presented by Guevremond and Rabenstein,*
Field and McBryde,® and Avdeef and Raymond.® The method
is quite remarkable in that one uses only a pH electrode to
determine pM and pL values (pX = —log [X], where X = M,
L, or H). One need not assume the identity of the species
present in solution in order to apply the method, and in that
sense the pM and pL values so derived are “model
independent”. The method applies to both mononuclear and
polynuclear metal complexes.*® The technique, called the
variation method (VM)S since it requires several titrations
where the total reactant concentrations are varied systemat-
ically, owes some of its origins to the earlier work of Hedstrom’
and Sillen.® It appears to us to be a thoroughly valuable
technique, and it surprises us that its use has not been more
widespread.

In the present paper we append to the VM approach a

general procedure for determining the average stoichiometric

(1) R. Osterberg, Acta Chem. Scand., 14, 471 (1960).

(2) B. Sarkar and T. P. A. Kruck, Can. J. Chem., 51, 3541 (1973).

(3) W. A. E. McBryde, Can. J. Chem., 58, 4211 (1977).

(4) R. Guevremond and D. L. Rabenstein, Can. J. Chem., 58, 4211 (1977).
(5) T.B. Field and W. A, E. McBryde, Can. J. Chem., 56, 1202 (1978).
(6) A. Avdeef and K. N. Raymond, Inorg. Chem., 18, 1605-1611 (1979).
(7) B. Hedstrom, Acta Chem. Scand., 9, 613 (1955).

‘(8) L. G. Sillen, Acta Chem. Scand., 1981 (1961).

coefficients of the species which are present in solution. One
needs no more data than those already required to determine
the VM values of pM and pL. If a certain region in pH
contains the jth metal-ligand-hydrogen complex M, L, H,,
the extended variation method (EVM) can be used to de-
termine the number of different kinds of reactants present in
the complex. These are the metal, ligand, and hydrogen
stoichiometric coefficients: ey, ey, and ey, respectively, of the
Jjth associated species. If the region contains more than one
complex, which is quite often the case in complicated equi-
librium reactions, the EVM approach can be used to determine
the average coefficients: é,, &, and &,. Such information is
often sufficient to identify most of the predominant species
present in solution. However, in the analysis of complicated
equilibrium systems, it is critically important to use data of
the highest quality.>® Recently this has been emphasized by
Vadasdi,’ who discussed a nonlinear least-squares method of
composition analysis. The EVM technique we propose can
be sensitive to experimental errors and in some adverse cases
this may limit its application.

We applied the new algorithm to a series of potentiometric
titrations of copper(II) ethylenediamine, with the total metal
and ligand (abbreviated en) concentrations in the ranges 1-4
and 6-16 mM, respectively. The large uncertainties in the
equilibrium constants!®!! of the reported ternary complex
Cu(en),OH* and the weakly formed Cu(en),>* species sug-

(9) K. Vadasdi, J. Phys. Chem., 78, 816-820 (1974).
(10) H. B. Jonassen, R. E. Reeves, and L. Sogal, J. Am. Chem. Soc., 77,
2748 (1955).
- (11) H. Vink, Ark. Kemi, 11, 9 (1957).
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